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Abstract

The last mile delivery in humanitarian relief supply often happens on a tree or an almost-
tree network allowing split deliveries. We present a relief delivery model incorporating a tree
network for last mile delivery. We developed a mixed integer programming (MIP) formulation
with the goal of minimizing the unsatisfied demand of the population. For better computational
performance, we reformulated the MIP exploiting the tree network structure and found that
this gave an order of magnitude reduction in computational time. To further improve compu-
tational efficiency, we developed a heuristic solution method based on a decomposition scheme
applied to the tree network formulation. This led to the Capacitated Vehicle Routing Problem
on trees with split deliveries (TCVRP-SD), for which we derived a closed-form solution. This
decomposition scheme resulted in a further order of magnitude reduction in computation time.
To demonstrate the application of our approach we applied our model to the humanitarian
logistics relief operation encountered in the 2015 Nepal earthquake.

KEYWORDS
tree graphs, split delivery, last mile delivery, mixed-integer programming

1. Introduction and Contribution

According to the World Disasters Report 2016 of the International Federation of Red Cross
and Red Crescent Societies, 698,077 people died and damage worth 1,399 billion dollars was
caused by natural disasters around the world in the period 2006-15 (31)). Supply of relief after a
disaster is crucial for saving lives and enabling faster recovery. In practice, most humanitarian
logistics operations are conducted in two stages, each over its own transportation network. In
the first stage, a primary network (air, road, water) is used for transporting aid from different
humanitarian organizations and countries to identified staging areas/depots in the vicinity
of the affected region. In the second stage, a secondary network (road) is used for last mile
delivery from the depots to the affected people. However, in most disasters, the secondary
network present in affected areas is partially or fully compromised (40; B5). For instance, post
a disaster like earthquake, a densely connected road network as shown in network Figure 1(a)
is converted to a sparse network as shown Figure 1(b) as most of the roads are damaged and
can’t be used for transportation. Usually emergency repairs are performed on the secondary
network to ensure at least minimal connectivity with the depot for relief transportation which
results a tree or an almost-tree structure as shown in Figure 1(c). Usually tree networks arise
when the cost of road construction is much more than the routing cost (37). In the scenario of
post disaster natural disaster, recovery time is equivalent to cost and time of road construction
is much more than the relief transportation time. Thus, a minimal connectivity is guaranteed
during emergency repairs a tree-like network emerges. Motivated by this observation, we focus
our analysis in this paper under the assumption that the secondary network is a tree. We also

Contact author: Rajan Batta, Email: batta@buffalo.edu



22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61

62

Figure 1. (a) A densely connected network (b) the network after a disaster (c) the network to ensure minimum connectivity
from the depot

assume that split deliveries are allowed in the our vehicle routing model. In post disaster rescue
and relief on the ground split delivery happens and there is existing literature that also assume
split delivery (53} [57). This feature is required because in a lot of disaster relief delivery scenario
the demand at a node in a period exceeds the capacity of one vehicle and multiple vehicles are
utilised to serve a node. We also found that these two assumptions to be true in multiple cases
including the relief logistics operations for the Nepal Earthquake in 2015, the second stage
network were almost-tree structured mountain trail and split delivery happened using porters
and pack animals (56). Assuming the tree structure is not only realistic in cases of network
damage and remote mountain transportation but also allows us to develop efficient solution al-
gorithms for relief supply optimization, which we believe have wide applicability in disaster relief.

We develop a mixed integer program (MIP) that captures both stages of post-disaster
relief in a single model. It is a multi-network, multi-period relief supply model, and its solution
using a standard commercial software like CPLEX is not practical except for toy instances. To
address this computational concern, we reformulate the model under the assumption that the
second stage network is a tree. Applying CPLEX to the tree formulation results in an order of
magnitude improvement in computational efficiency but still leaves us at a point where realistic
sized problems cannot be solved. For this reason we develop a heuristic solution method for
the tree network case based on decomposition principles. This results in a further order of
magnitude reduction in computational effort.

The 2015 Nepal Earthquake inspired our work. In this earthquake, the second stage
network consisted of mountain trails, many of which were compromised. The actual trails
used for supplies closely resembled a tree network, and transportation over these trails was
done by secondary vehicles and pack animals. The first stage network consisted of primary
vehicles and staging areas, where the primary vehicles delivered relief supplies as well as the
secondary vehicles. Our case study is based on the Nepal scenario. We believe that our model
and approach can be applied to a wide range of natural disaster settings.

Our principle technical contribution is the development of an efficient solution method for
the case where the second stage network in post-disaster relief has a tree structure and split
delivery is allowed. In the decomposition solution approach we introduced the Capacitated Ve-
hicle Routing Problem on trees with split deliveries (TCVRP-SD) and derived a closed-form
solution for its optimal objective function value. Using this, we not only develop a computation-
ally efficient solution method but also extend the literature on vehicle routing problem on trees
(TVRPS) and vehicle routing model on split delivery (SDVRP). The other contribution is the
demonstration of this method via a case study based on an earthquake scenario in the moun-
tainous region of Nepal. It is important to note that our method can also be used to generate
heuristic solutions for cases where the second-stage network is an almost tree (i.e. a tree network
with some additional arcs and a few cycles). This is why we believe that our findings have wide
applicability.
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2. Literature Review

We divide our literature review into three parts. The first part focuses on vehicle routing prob-
lems on tree networks. We have used the material in these papers to develop the model with
tree route formulation. Next, we discuss the literature on vehicle routing problem (SDVRP) with
split deliveries. We extend the work on SDVRP to tree network to solve the decomposition of
our model. The third part focuses on last-mile delivery in humanitarian relief operations.

2.1. Vehicle Routing on Tree Networks

Research on vehicle routing on tree shaped networks is scant. Labbe et al. published seminal
work on the Capacitated Vehicle Routing on Trees in which they defined the Capacitated Ve-
hicle Routing Problem on Trees (TCVRP) (38) which defined the problem, showed it to be
NP-hard and proivded the first solution. Basnet et al. (12) developed two new heuristics to solve
TCVRP and compared their computational performance to heuristics developed by Labbe et
al. Hamaguchi et al. solved a version of TCVRP that seeks a set of tours of the vehicles with
minimum total lengths. (30]). Mulsea presented five variants of TCVRP and five fast approxima-
tion algorithms to solve it (44). Chandran and Raghavan presented a new paradigm in modeling
TCVRP’s (I7) in which they used the tree-like structure in modeling the constraints of the
model and developed a bin-packing heuristic to solve their TCVRP. Kumar et al. proposed the
Capacitated Vehicle Routing on Trees with Backhaul (TCVRPB) in which line-haul customers
require delivery from the depot, and back-haul customers have supply that needs to be deliv-
ered to the depot and also developed a 2-approximation algorithm to solve the problem (36).
In another work, Kumar et al. proposed a TCVRP with a heterogeneous fleet and developed a
heuristic that uses bib packing and Lagrangean based assignment algorithm to solve it (37).

2.2. Vehicle Routing Problem with Split Deliveries - SDVRP

Vehicle routing problems have the underlying assumption that each node is visited only by one
vehicle. However, vehicle routing problem with split deliveries introduced by Dror and Trodeau
in 1989-1990 (24; [25)) relaxes this assumption and allows a node to be visited by multiple vehicles.
They showed this leads to cost savings over VRPs. The literature on this topic is vast and there
are three major surveys on this topic (7; 8 29) which discuss SDVRP, its proposed solution,
its variants and its application in multiple scenarios. Archetti et al. proved that if there is a
feasible solution to the SDVRP, then there always exist an optimal integer solution (9)). It was
also proven vehicle capacity equal to two SDVRP has a polynomial time algorithm to solve and
for vehicle capacity greater than equal to three, SDVRP is NP-hard (5)). Archetti et al. found
the maximum possible savings with SDVRP ([6) and also showed how that depended on the size
of the problem ([7). To solve SDVRP exact approaches have been suggested that include the arc
flow formulation, the Dror and Trudeau heuristic (23)). Then there have been the cutting plane
approach by Belenguer et al. (I3]) and a two stage algorithm with valid inequalities (32) which
provided good lower bounds followed by multiple column generation approaches (33; [3}; [42]) that
improved the lower bounds. Multiple heuristics have also been proposed that include tabu search
(), a memetic algorithm (16), hybrid algorithms (19; 10} 33; [34)), scatter search (43)), an adaptive
memory algorithm (2)), a tabu search with building vocabulary approach (1), attribute-based
hill climbing approach (21)), an iterated local search approach (50)), branch-and-cut approach
(4)), a randomized granular tabu search (I4]), the novel priori splitting approach (I8) and the
latest maximum-minimum distance clustering method (41)).

2.3. Last-mile Delivery in Humanitarian Logistics

The area of humanitarian logistics is rich with models and hence we mention a few important
ones. Balcik and Beamon developed a two-phase multi-period model for relief distribution
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(11). (27). Berkoune et al. modeled a multi-commodity and multi-depot routing problem for
minimizing the total duration of all trips for last-mile delivery (15).Using a genetic algorithm.
Tzeng et al. solved a multi-period aid distribution problem using fuzzy multi-objective linear
programming (51). Vitoriano et al. also proposed a multi-citeria problem described using a
double-flow model and solved it using goal programming (52). Ozdamar and Linet developed a
model for last-mile relief delivery using helicopters (47)). More recent models include stochastic
optimization models (45; 46), multi-criteria model (26) and models utilizing drones for last
mile delivery (20; 48)) These are a sample of papers from the vast literature on the last mile
distribution in humanitarian relief.

In reviewing the humanitarian logistics literature for last mile delivery we found a rich
body for modeling the last mile delivery problem. Literature on SDVRPS is also vast and we
also found its application in last mile delivery post disasters like earthquake (53} 57). These
application show that splitting deliveries saves cost and also minimizes the vehicle use which
are sometimes scarce in post disaster scenarios. While we clearly see almost-tree transportation
networks due to damage post disasters like in case of Nepal earthquake, we did not find any
work that applied the model of vehicle routing on trees to last mile distribution problem. We
fill this gap in the literature. We first utilize existing methodology Chandran and Raghavan
(1I7) to develop a reformulation of our model that exploits the underlying tree structure of
the network. We further developed a decomposition of the reformulated model. To solve the
reformulated we extend the literature on both TCVRPs and SDCVRP by developing a variant,
we call the vehicle routing on trees with split deliveries, SD-TCVRP. We also find an exact
algorithm to solve it and a closed form solution for the optimal objective. Using this, we reduce
the computational time 20 orders of magnitude as compared on toy datasets. Using this method
real sized problems are also solved within 1 hour.

The last mile delivery problems are fraught with data uncertainty and typically have many
scenarios. In fact, a common way to solve these problems is to perform scenario analysis where
solutions for hundreds of scenarios are developed and analyzed. Thus there is a critical need for
reducing the computational effort associated with developing the solution for a specific scenario.
We show that by exploiting the tree network structure of the last mile delivery network we can
reduce the computation time by orders of magnitude.

3. A Two-Stage Relief Delivery Model

The following are the salient features of our model:

(1) Primary Depot: This depot serves as a staging area for the relief brought in from human-
itarian organizations and aiding countries for onward movement into the affected regions.
Set of all nodes is denoted by V' = {0, 1,2,...N — 1}. The node {0} is the primary depot.

(2) Secondary Depots: These depots are staging areas identified in the vicinity of the af-
fected region and store relief supplies brought from the primary depot. The secondary
depots also have demand and hence they are subset of demand node set V' — {0}. S de-
notes the secondary depots.

(3) Primary Network: The network to carry the relief supply from a primary depot to the
secondary depots via primary vehicles. Primary network contains the primary depot {0}
and the secondary depots S.

(4) Secondary Network: The network used for last mile delivery from the secondary depots
to the demand nodes in the affected region. Node set V' — {0} are the demand nodes and
define the secondary network. It must be noted that the secondary depots is a subset of
demand nodes.

(5) Multi-Period: The relief supply operations is done in multiple discrete time periods. T'
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is the set of all time periods.

(6) Multi-Commodity: Transport of multiple commodities like water, food, sanitation and
medical supplies is possible. C' = {0, 1,2} is the set of relief supplies including water, food,
shelter. Index ¢ = 0 represent a load for 1 kg of water, ¢ = 1 represent load for 1 kg of
food, ¢ = 2 represent load for 1 Kg of shelter supplies.

(7) Split Deliveries: More one vehicle can serve a demand node or a secondary depot in a
period.

(8) Storage: Storage of relief items (transported from the primary depot) is available at the
secondary depots.

3.1. Dectston Varitables

yfjl € {0,1} is 1 if primary vehicle [ travels from node i to node j in period t, and 0 otherwise,
xifjk € {0,1} is 1 if secondary vehicle k travels from node i to node j in period ¢, and 0 otherwise,

rfk € {0,1} is 1 if secondary vehicle k is present at depot i in period ¢, and 0 otherwise,
zfjck € {0,1,2..} is the load of commodity ¢ taken by secondary vehicles k& from node i to node
J in period t,
Uf;?l € {0,1,2..} is the load of commodity ¢ taken by primary vehicle 1 from node i to node j in
period t,
di¢ € {0,1,2..} is the total load of commodity ¢ dropped by secondary vehicles at node i in
period t,
dt € {0,1,2..} is the load of commodity ¢ dropped at node i by secondary vehicle & in period ¢,
Dlc € {0,1,2..} is the total load of commodity ¢ dropped at node i by primary vehicle s in
period t,
Sfc € {0,1,2..} is the total load of commodity ¢ stored at node i at the end of period ¢,

i# 71,5 eV ={0,2....... N — 1}, where V is the set of all N nodes including demand
nodes, primary depot 0 and secondary depots,

¢ € C ={0,1,2}, where C' is the set of relief supplies including water, food, shelter. Index
¢ = 0 represent a load of 1 kg of water, ¢ = 1 represent load of 1 kg of food, ¢ = 2 represent load
of 1 Kg of shelter supplies.

3.2. Parameters

N, total number of depots

S, set of all secondary depots

L, set of primary vehicles available at the primary depot

K, set of all secondary vehicles available at the secondary depots
T, set of all time periods

Up, parameter for upper bound used in equity constraint

Lo, parameter for lower bound used in equity constraint

a;;, travel time for secondary vehicles from node 7 to node j
hij, travel time for primary vehicles from node ¢ to node j
mt¢, demand of commodity ¢ at node i in period ¢

qs, capacity of a secondary vehicle k

qi, capacity of a primary vehicle [

fi, service time for a secondary vehicle at demand nodes %

gi, service time for a primary vehicle at node i

7L, maximum route time allowed for secondary vehicle k

T, maximum route time allowed for primary vehicle h

sk, average speed of secondary vehicle k

sp, average speed of primary vehicle h

B¢, amount of item ¢ available at primary depot for period ¢
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3.4. Model Explanation
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Consider the objective function given by equation (). The term m!® can be removed for

optimization purposes as it is a constant. Minimizing unsatisfied demand summed over all com-

modities, all villages and all periods given by Y. > > (ml¢ — d!°) is our primary objective.
i€V teT ceC
Minimizing travel cost is our secondary objective. We prioritize our primary objective over the

secondary objective by multiplying the secondary objective term by a hyper-parameter . We
vary the values of o while testing the solution methods, to find an appropriate range of a for
prioritizing the primary objective over secondary objective for a given data set. This is discussed
in detail in our case study.

3.4.1. Constraints

Constraints (1) — (5) are primary vehicle routing constraints for routing primary vehicles
on the primary network on the node set, S U {0}. Constraints (1) — (2) ensure that the
route for a primary vehicle is a cycle and that a primary vehicle starts and ends its tour
at the primary depot. Constraint (3) is for sub-tour elimination for the primary vehicle.
Constraint (4) is the primary vehicle capacity constraint ensuring that the primary vehicle
never carries more than its capacity. Constraint (5) ensures that the primary vehicle does
not cross its limit of travel in a period. Constraints (6) — (12) are equivalent routing con-
straints to (1) —(5) for the secondary vehicles on the secondary network on the node set, V —{0}.
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Constraints (13) — (26) govern the load carried and delivery made by primary and
secondary vehicles. Constraint (13) ensure that a a load on an arc occurs if a secondary vehicle
is traversing it. Constraint (14) do the same for primary vehicles. Constraints (15) — (16)
are the relationships between delivery and load variables for secondary vehicles and primary
vehicles, respectively. Constraint (17) ensures that there is no delivery at a primary depot.
Constraint (18) ensures that delivery of an item to a demand node in a period is less than its
demand in that period. Constraint (19) ensures that the total delivery of an item in a demand
node for a period is the sum of the items delivered to it by each of the visiting secondary
vehicles. Constraints (20) — (21) are equity constraints that ensure that the unsatisfied demand
at each village is within a lower and upper bound of the mean unsatisfied demand. Constraints
(22) — (23) ensure that the load variables entering the depots are zero, i.e. the vehicles deliver
all their load in each period. Constraints (24) — (25) ensure that secondary vehicles deliver their
load to the demand nodes that it visits. Constraint (26) ensures that each secondary vehicle
serves its assigned secondary depot during each period.

The constraints (27) — (30) are the storage-related constraints. The constraints (27) — (28)
establish the relationship between storage variables, delivery variables and load variables at the
secondary depots. Constraints (29) — (30) do the same for the primary depot.

We found that using a commercial solver like CPLEX on this formulation does not yield
an optimal or near-optimal solution in 24 hours of computation time for realistic data sets like
the one we have used in our case study. Exploiting the fact that many secondary networks
associated with humanitarian relief efforts have a tree or almost-tree like structure, we now
present a formulation of our model for the case where the secondary network is a tree, thereby
alleviating the computational difficulty of the problem.

4. Model with Tree Formulation

In this section, we model the constraints of routing secondary vehicles on tree networks using the
properties of vehicle routes on trees as described by Chandran and Raghavan , illustrating the
concept through an example (17)). Given a set of nodes serviced by a vehicle in a tree network
(2, 3, 4, and 6), the arcs travelled by the vehicle form a tree as shown by the directed arcs in
Figure 2(a) and the tour is given by visiting the nodes in a depth first manner as shown in
Figure 2(b) (17)). We use these properties to re-model the secondary vehicle routing constraints.
Consider a node 7 in this tree network. It has a unique parent P(i) and a set of children Ch(37).
The route is constructed for each vehicle by “building upwards” from every node serviced by
the vehicle towards the depot as shown in Figure 2(b). This generates a covering sub-tree for
each secondary vehicle. Having generated the tree, i.e. the arcs the vehicles take, the route
of the vehicles is the nodes visited in the depth first order. Using this, we replace four con-
straints (6) — (8), (10) — (12) in our original model by three constraints (31) — (33). Constraints
(15),(27), (28) are replaced by constraints (34)—(36). Following are the reformulated constraints.

Tk > Thik Vie (V—-S9)—{0},j€Ch(i),ke K,teT (31)

Tpiyik = Tik Vie(V-S)—{0}, ke K teT (32)

Tiip = Thy, VieV —{0},jeV—{0},keK,teT (33)

SN As - >0 N Al =l Vie(V-S8)—{0},teT,ceC (34)
JECh(i) keK JEP(i) kEK
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ijk
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Figure 2. (a) Route tree of TCVRP (b) Depth First Order of route

The constraint (31) ensures that if a secondary vehicles k visits node i in period ¢,
it travels on arc (P(i),i). The constraint (32) populates the rest of the tree bottom up
to the depot, using the fact that if a secondary vehicles uses arc (ij) it will have to use
the arc (P(i),i). The constraint (33) makes sure that arcs are travelled twice by a sec-
ondary vehicle, once while going down the tree and once while coming up. Constraints (34)-(36)
remove summations with the load variables as they are automatically enforced in a tree network.

The tree formulation can be used for situations where the secondary network is an almost-
tree by removing arcs from the network to form a tree and by using the resultant tree as
an approximation to the secondary network. We tried this approach and found that using a
commercial solver like CPLEX on this new model provides an order of magnitude (10 fold)
improvement in computational time but still is not suitable for use in realistic sized data sets
that typically have to be run several times using different parameter settings. Therefore, we now
focus on a decomposition based method which is suitable for realistic data sets.

5. A Decomposition Based Solution Method

We decompose the model into three parts: (1) delivery model, (2) capacitated secondary vehicle
routing model and, (3) capacitated primary vehicle routing model. The model is separable
into aforementioned 3 different parts because decision variable for delivery (di°), decision
variables for secondary vehicle routing (xfjk,zfjk,rgk,dfz) and decision variables for primary
vehicle routing (yfj.l,viijltc,SfC) are linked only via very few linking constraints. Constraint
(34) is the linking constraint between delivery variables and secondary vehicle routing variables.
Constraints (35) — (36) are the linking constraints between delivery variables, secondary routing
and the primary variables. In a scenario with small number of linking constraints, it is possible
to closely approximate the optimal solution of the model by adding surrogate constraints to the
separable models and solving the models individually. The surrogate constraints are added to
the separable models to provide the upper bounds to the decision variables variables. In general,
a surrogate constraint is an inequality implied by the constraints of an integer program, and is
designed to capture useful information that cannot be extracted from the parent constraints
individually but is nevertheless is a consequence of their conjunction. In our scenario, the
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surrogate constraint in one model provides the upper bounds on the decision variables obtained
by conjunction of the linking constraints with constraints of the other two models. These
bounds are implicit in the original model and they are added explicitly as surrogate constraints
in the decomposed models.
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Figure 3. Schematic explaining the solution method for the decomposition

We proceed by adding surrogate constraints to the delivery model and secondary vehicle
routing models. Constraints (38) — (40) described in Section 5.1 are the surrogate constraints
for the delivery model and provide the upper bound on decision variable di¢ which is implicit in
the original model. constraints (56) — (57) described in Section 5.2 are the surrogate constraints
for the secondary vehicle routing model and provide the upper bounds to zf’c. We note that the
addition of surrogate constraints increases the solution space and thereby alters the original
formulation. In our experimentation with a toy data set described in section 6.2 and 6.3, we
found a very small difference in the objective function values due to addition of the surrogate
constraints. However, addition of the surrogate constraints facilitates our decomposition.

These models are sequentially solved with the solution of one model becoming the input
parameters of the following model. Hence, the optimal solution of the delivery model becomes
the input parameters of capacitated secondary vehicle routing model, and so on. The linking
constraints (34) is converted to constraint (50) with d!¢ as a parameter in the secondary vehicle
routing model and constraints (35) — (36) are converted to constraints (67) — (68) in the primary
vehicle routing model with d¢ and zfjck as parameters. Figure 3 explains this process using a
schematic.

5.1. Delivery Model

The Delivery Model (DM) determines the allocation of commodities to the demand nodes in

each period. It uses the decision variables d°. The objective is given by > > > di°. The
i€V LET ceC
model can be written as:

Maximize: >, > > di¢
teT ieV cinC
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st:

dic < mle VieV—-{0},teT,ceC (37)

ieV—{0} c€C
oY Yo dF<Qlla WeT  (39)

ieV—{0} Qe{1,2...t} ceC
Z Z 9 < Z BQe VteT,ceC (40)

1€V —-{0} Qe{1,2.. t} Qe{1,2...t}
dtC<Up/NZ Z —dl) VieV—-{0},teT,ceC (41)
ceC jev— {0}

C—di*>Lo/NY > (mif—df) VieV —{0},teT,ceC (42)

ceC jeV— {0}

Constraint (37) ensures that the amount of a commodity delivered to each node in each
period, di¢, does not exceed its demand. Constraint (38) ensures that the total primary vehicle
capacity |K|gs is not exceeded in each period. Constraint (39) ensures that the cumulative
capacity of primary vehicles |Q||L|g (cumulative over time period) is not exceeded. Constraint
(40) ensures that the primary depot does not violate its delivery capacity by requiring that
the cumulative delivery to all nodes is less than or equal to the cumulative availability at the
primary depot. Constraints (41) — (42) are the equity constraints used in the original and the
tree model.

We note that the delivery problem is an extension of the Multiple Bounded Knapsack
Problem, described by Detti (22). We developed a special purpose algorithm, Algorithm 2, for
solving the delivery model. The procedure and description is Section 7.1 of the Appendix.

5.2. Capacitated Secondary Vehicle Routing Model

The capacitated secondary vehicle routing model finds the minimum cost tours for the
secondary vehicles given the output from the delivery model. The decision variables are :Ugjk,
zf;k, rfk, dfz The objective is minimizing the cost of transportation for the secondary vehicles.
The constraints are the routing and loading constraints for the secondary vehicles from the
model with tree formulation. di°’s are the values of the decision variables di¢ as output from
solution method of the delivery model and is input into the secondary vehicle routing problem

as parameter.

Minimize: >3 > 3 3 ajay,

i€V jeV, j#i ke K tel

st:
Toyik > Tijk Vie (V—-S9)—{0},j€Chli),ke K,teT  (43)
Toy.ik > Tk Vie (V-S9)—{0},keK,teT (44)
Thip = tha VieV —{0},jeV—-{0},ke K;teT (45)
>3 A < VEe K,tcT  (46)

jev—-SceC

gty + fi) < ri/sk

2 2.

i€(V—-S)—{0} jeV—{0},j#t

Veke K,teT
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Figure 4. Example of a sub-tree of a tree

The secondary vehicle routing problem is a special case of TCVRP. The underlying
network is composed of multiple trees with depots at the root nodes and split deliveries allowed.
We define a new problem as the capacitated vehicle routing problem on a tree with split
deliveries (TCVRP-SD) in which vehicles are routed on a tree with split deliveries allowed. It
is a special case of SDVRP in which the underlying network is a tree. Solving the secondary
vehicle routing problem is equivalent to solving a TCVRP-SD for each tree in the secondary
network for each time period. Theorem 1 provides a closed-form solution for the optimal
objective of TCVRP-SD and a unique property of the structure of the routes. We use this
to solve the secondary vehicle routing model. For stating Theorem 1, we have to define some
notation. Consider a rooted tree T" with V' and E' as the set of nodes and arcs respectively.
P(i) is the parent of node i, N(P(7),i) is the the number of vehicles that will traverse the
arc (P(i),i) each incurring a cost Cost(P(i),7). Consider a sub-tree S(i) rooted at i and
d(S(7)) is the amount of the commodities delivered to the nodes within S(i). We also define
a Parent-Children Pair (i, Ch(i)). For instance, in Figure 4, there are 4 Parent-Children pair
(0,{1}),(1,{2,5}),(2,{3,4}) and (5,{6,7}). S(2) is the sub-tree rooted at node 2 and the
d(S5(2)) is equivalent to the sum of the deliveries made at node 2,3, and 4. Since split deliveries
are allowed in the model, the number of vehicles traveling the arc (P(2),2) = (1,2) is equal

12
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to [d(S(2)/qs| , where g5 is the capacity of each vehicle. It must be noted that minimum
costs of an SDVRP are lower than that of VRP on the same network (). Also, in an SDVRP
there is a feasible solution with minimum number of vehicles to complete the deliveries.
However the number of vehicles in a minimum cost solution might be more than the minimum
number of vehicles possible. In TCVRP-SD, we show that the minimum cost route also uti-
lizes the minimum number of vehicles (8]). Now, we are ready to state Theorem 1 and Theorem 2.

Theorem 1: Given a TCVRP-SD problem, the optimal objective of minimum cost is
given by 2 > [d(S(i))/qs|Cost(P(i),i) for each node ¢ where d(s(i) is a demand of a sub-tree
eV
rooted at i, gs is the capacity of a vehicle and [d(S(7))/¢s]| is the minimum number of vehicle
required to deliver in sub-tree S(i).

Theorem 2: In a TCVRP-SD the minimum cost solution also utilizes the minimum
number of vehicles.

The implication of Theorem 1 is that the values of the delivery variables dgc can be used to
calculate the number of vehicles traveling each arc (P(i), i), N(P(i),7). This, in turn, determines
the optimal objective 2% Y N(P(i),4) * Cost(P(i),1). Also, the arcs traveled by vehicles within

eV

parent-children pairs is determined by N(P(i),7)’s, using which the route of a vehicle can be
traced. We developed an algorithm, Algorithm 2 that uses these implications of Theorem 1. The
description and procedure of the algorithm is in the Appendix, Section 7.2. In Step 1-3, as given
in the pseudo code of the algorithm, for each time period, the value of N(P(i),1) is calculated
using the parameters dﬁc. In Step 5, the optimal objective is calculated. Steps 6-31 are the
vehicle routing steps. We determine the arcs travelled by the vehicles within parent children
pairs (i, Ch(7)) starting from the leaves of the tree going all the way upto the depot (root of the
tree). For a leaf node within a parent-children pair, Steps 10-20 are used to determine the val-
ues of x';fj ., and df¢. If the node is not a leaf node Steps 21-31 determine the values of z! i and dte.

The implication of Theorem 2 is significant for real world applications like disasters re-
sponse. The reason we observe split deliveries in real disaster scenarios is justified and warranted
by Theorem 2. If the resources like vehicles for transportation and transportation network is
sparse and almost-tree due to damage, split delivery of relief is the most cost/resource efficient
strategy as it minimizes the vehicles in the minimizing cost solution.

5.3. Capacitated Primary Vehicle Routing Model

The capacitated primary vehicle routing models solves the problem of finding the minimum
cost tours for the primary vehicles given the optimal deliveries from the delivery model and the
optimal tours of the secondary vehicles from the secondary vehicle routing model. The decision
variables are yfjl, vf]‘?l, Ste and Di¢. The objective is minimizing the cost of transportation of the
primary vehicles. The constraints are primary vehicle routing constraints, loading constraints
and storage constraints from the model with tree formulation. dl¢ is the optimal value of die
from the delivery model and zfjck is the optimal value of zfjck from the secondary vehicle routing
model. They are input as parameters in the model. We found that capacitated primary vehicle
routing models can be solved using CPLEX as computational times are reasonable for realistic
data sets. The model is as follows:

Minimize: >. > > }° hijyfjl

i€S jeS,j#ileLteT
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st:

Soovli= Y. VieSu{0},leLteT (58)
i€SU{0},i#j i€SU{0},i#j
> ybu=1 VleLteT (59)
jeSs
SN Y <w-1 YW CS,|W|>2,leLteT (60)
€W jeW,j#i
SN vl <a V.le L,teT (61)
jES ceC
Z Z yfjl(hij + gi) < rh/sh Vie L,teT (62)
i€SU{0} jES,j#i
> ks < Myl Vie SU{0},jeSu{0},leLteT (63)
ceC
> =0 Vie(V-S)—{0},jeSkeK teT (64)
ceC
Sie=giTleDle— NN gt —die VieSteT—{0},ceC (65)
JjECh(i), kEK
Sie=D— Y > g —dle VieS,t=0,ceC (66)
JECh(i) lEL

a6 6. Case Study

a7 In our case study, we modeled the relief supply operations that were conducted by the
a1 Logistics Cluster of the United Nations World Food Program for the very remote and
a0 mountainous regions of Nepal. They called this operation the Remote Access Operation
20 (RAO) (55). In RAO, first, the relief supplies were transported from the district headquarters
21 to identified base camps/ helicopter landing zones (HLZ) via helicopters. Next, they were
a2 transported to the villages at higher altitudes and remote locations via porters and mules
23 (other animal packs) on mountain trails. The helicopter network was the primary network
24 while the porter network was the secondary network. Figure 5(a) and 5(b) show helicopter
s landing zones (primary network) and the mountain trails (secondary network). As evident, the
a6 secondary network of mountain trails has multiple almost-trees with very less cycles. The fol-
227 lowing section described the data set in detail section includes the case study that we preformed.
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Figure 5. (a) Map of Identified Helicopter Landing Zones in Nepal (b) Map of Mountain Trail Network in Sindhupalchowk
district, Nepal (39)
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The case study was preformed on two data sets: (1) a toy data set created with miniature
versions of the Nepal networks for comparing the computational performance of CPLEX
and our solution method, and (2) real data from Sindhupachowk district of Nepal (part of
RAO, Nepal Earthquake 2015) for testing our solution method’s performance on realistic cases
(CPLEX was found to be computationally impractical for these cases). CPLEX was used to
solve the original and the reformulated model on the toy data set while the decomposition
method was tested using both the toy and real data sets. For solving the reformulated model,
cycles were removed from the secondary networks using Krushkal’s minimum spanning tree
algorithm. The following sections contain detailed descriptions of the data sets.

6.1. Sindhupalchowk Data Set

The data set contains one hundred sixteen villages as part of the porter network, seven
helicopter landing zones/trail heads (in seven of the above villages) and one helicopter depot
in the Sindhupalchok district of Nepal. Table 1 is a sample description of our data set. Figure
6 is the map of Sindhupalchok district that contains our data set with the villages, depot at
Chautara, and trail heads/HLZ’s at Chanaute, Haldi, Timbhu, Sermathang, Tipine, Dhade and
Kartike. The cost matrix for the porter network which consists of the time taken by the porters
to travel between villages was constructed using the Naismith’s rule. The original Naismith’s
rule from the year 1892 says, that men should allow 1 hour per 3 miles on the map and an
additional 1 hour per 2000 feet of ascent. Naismith’s 1 h/3 mi + 1 h/2000 ft can be converted
to other conventions. We use the convention 12 min/1 km + 10 min/ 100 m.

Table 1. Sample of Villages and Municipalities Served in Sindhupalchowk district served in the model

Node | Village Municipality | Depot / Trail Head / Village
0 Chautara Chautara Depot

1 Chanaute Palchok Trail Head
2 Mathillo Palchok Village

3 Dungae Palchok Village

4 Farfere Palchok Village

5 Pal chowk | Palchok Village

6 Essing Palchok Village

7 Kakani Palchok Village

8 Dhodeni Kiul Village

9 Bir-Kharka | Kiul Village

10 Barsang Kiul Village

Table 2 has the population of the municipalities of the villages from the population census of
Nepal in 2011. Since we did not have village-level population data, we distributed the population
of each municipality into its villages such that the population of the villages followed a normal
distribution and summed up to the total population of the municipality. Using this population,
we estimated the demand for food and metal roofs in each period at each village. The average
number of people in a Nepali family is 4.62 (ReliefWeb2016)). We assumed a requirement of one
26 gauge metal roof per family which weighs approximately 0.45 Kg. The daily food requirement
of a person is nearly 600 g providing 2100 Kcal of energy, 65 g and 40g of proteins and fat
respectively (in the form of cereals, pulses, oils, salt, sugar etc.) (54). It must be noted that in
the case of the RAQO, food and shelter related items like tin roofs were given priority. Water was
available in the villages via local hand pumps that use the ground water table. There are 1000
porters/animal packs and 8 Mi-8 helicopters as primary and secondary vehicles. The weight
carrying capacity of a porter is 30 kg while that of a helicopter is 4 metric ton or 4000 Kg. The
limit to travel for each porter is 4 days (96 hours) which includes 4-hour service and rest time
at each of the nodes served. For a helicopter, the limit on travel in one period is 8 hours which
includes 0.5 hours of service time at each HLZ. The average speed of a helicopter is assumed to
be 100 km/hour. The amount of each item available for distribution at the helicopter depot is
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Table 2. Number of households and population of municipalities of Sindhupalchowk

Municipalities | Households | Total Population
Baramchae 705 3,248
Baruwa 487 1,831
Bhanskhara 588 2,259
Bhotang 624 2,582
Bhotenamlag 792 3,551
Chautara 1,618 5,952
Ghunsakot 449 1,902
Golche 731 3,611
Gumba 674 3,431
Hagam 818 3,847
Helmabu 656 2,564
Jalbire 611 2,540
Palchok 489 1,927
Pantang 487 2,481

Table 3. Number of households and population of municipalities of Sindhupalchowk

Model Solution Method | « Objective | Obj 1 | Obj 2 | Comp Time(secs)
Original CPLEX 0.0001 | 479.9006 480 994 3.09
Reformulated | CPLEX 0.0001 | 479.8923 480 1077 1.24
Reformulated | Decomposition 0.0001 | 479.8868 480 1132 0.32
Original CPLEX 0.01 471.02 480 898 3143.14
Reformulated | CPLEX 0.01 469.32 480 1068 102.1
Reformulated | Decomposition 0.01 468.68 480 1132 0.26
Original CPLEX 0.1 390.2 480 898 4013.05
Reformulated | CPLEX 0.1 373.2 480 1068 136.17
Reformulated | Decomposition 0.1 366.8 480 1132 0.27
Original CPLEX 0.5 31 480 898 3468.46
Reformulated | CPLEX 0.5 -54 480 1068 28.34
Reformulated | Decomposition 0.5 -86 480 1132 0.27
Original CPLEX 1 -418 471 898 4452.18
Reformulated | CPLEX 1 -525 471 996 26.89
Reformulated | Decomposition 1 -661 471 1132 0.13
Original CPLEX 1.5 -866 475 894 3965.33
Reformulated | CPLEX 1.5 -1011 399 940 8.22
Reformulated | Decomposition 1.5 -1218 480 1132 0.13
Original CPLEX 2 -1294 410 852 202.78
Reformulated | CPLEX 2 -1505 329 917 3.97
Reformulated | Decomposition 2 -1784 480 1132 0.3

10000 kg or 10 metric ton for each period. The operation was carried out for three time periods
each equivalent to a period of 4 days. We vary the value of parameter « from 0.001 to 2 and
show the difference in results.

6.2. Toy Data Set

The toy data set contains nine villages as part of the porter network, two helicopter landing
zones, two mountain trails, and one helicopter depot. There are 8 porters/animal packs and two
helicopters for transpiration. The distances in the cost matrices and demands in each village is
also reduced to smaller numbers. Rest of the parameters are the same as in the Sindhupachowk
data set.

6.3. Results and Discussion

In the experiment with the toy data set, we used CPLEX to solve the original model, CPLEX to
solve the reformulated model, and our decomposition based solution method to solve the refor-
mulated model for different values of «. Table 3 compares the results of these three schemes. It
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contains the the values of the objective function, the primary objective, Obj 1 = 3 > Y df¢,
i€V teT ceC

the secondary objective, Obj 2 = 3> > 3 > ajal, + > > > hijyj; and the
i€V jeVii#j keK teT i€S jeS,i#jleLteT
computational time for the three schemes. We now discuss the results.

We varied « from 0.001 to 2. The primary objective, Obj 1, is at its peak value 480 for
a ranging from 0.0001 to 1 (in both the original and reformulated model) and decreases if «
is further increased for both the models. The secondary objective achieves its minimum value
(for both the models) at « ranging from 0.01 to 2. For overall optimal objective the primary
objective must achieve it’s maximum while the secondary objective should be at its minimum
value for the given maximum value of primary objective. Hence, we concluded that for the toy
data set the desirable range of a to achieve the maximum primary objective and the minimum
secondary objective is o € (0.1,0.5). However, this is true for the the given dataset. The best
range of « for which the primary objective is maximized depends on the dataset and the
parameters. We show that in the Section 7.

An interesting observation is that the decomposition based solution method always
maximizes the priority objective to 480 and is unaffected by the value of . This is because the
solution method breaks down the model into delivery and routing models. It always solves the
delivery model prior to the routing model, maximizing the primary objective before minimizing
the secondary objective.

We observe that the value of the optimal objective for both the original and the re-
formulated model are nearly equal for « € (0.0001,0.5). This can be explained by the fact
that the secondary network in the original model is a 3-almost tree graph with very small
number of cycles. Hence, in the reformulated model, when we apply the Krushkal’s Minimum
Spanning tree to the original network (to obtain a a tree), at most 3 arcs are eliminated from
the bi-connected components of the graphs (that contain cycles). Consequently, the minimum
spanning tree of the network very closely approximates the original network. Hence, the change
in cost of routing secondary vehicles as reflected in the secondary objective is very small. Since
the secondary objective contributes in the overall objective by the factor of «, the change in the
overall objective function is negligible. It can also be observed that the value of the objective
from the decomposition based solution method approximates the value for both the original
and the reformulated model very well. As expected, the value of primary objective for both the
models solved using CPLEX is equal (for all a’s). This is because the delivery variables are
unaffected by reformulation of constraints and the structure of the underlying network which is
a tree in the reformulated model.

It is observed that for most values of a on the toy data set, the computational time
for CPLEX on the original model is the highest. We observe that (for « ranging from 0.1
to 1) there is a 10-fold reduction in compuational times when CPLEX is used to solve the
reformulated model instead of the original model. The decomposition based solution method
shows exceptional computational efficiency as compared to CPLEX, with a 100 fold reduction
in computational time, solving each case in the toy data set in less than a second. However, it
must be note that the behavior of computational performance under the three schemes would
change with increase in data set size. The difference in the efficiency may also change.

We observed that the usage of CPLEX became computationally burdensome as we
increased the toy data set size by adding 10 more demands nodes. Hence, for solving the
real world data set from Sindhupalchow district we used the decomposition method. For the
Sindhupachowk dataset we fixed o at 0.1. The method solved the model in a little more than
one hour of computational effort. It yielded a primary objective equal to 30000, secondary
objective equal to 15312 and an overall objective equal to 22344. To test the sensitivity of the
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Table 4. Variation in values of objectives with variation in parameters

Parameter | Original Value | Changed Value | Obj 1 | Obj 2 | Objective | Comp time (secs)
None N/A N/A 90000 15312 28468.8 3376.12

qs 30 20 60000 13326 18667.4 3469.71

q 4000 2000 48000 14971 14502.9 3793.33

L 8 4 48000 14203 14579.7 3642.56

K 1000 500 45000 13117 13688.3 3725.13

Bte 50000 9000 81000 14159 25584.1 871.45

Sh 100 50 90000 22583 18708.5 27741.7

model to different parameters, we varied the parameters and report results in Table 4. The
primary objective is bounded by total load carrying capacity, which is equal to |T'||K|gs, |T||L|q

and Y > B'. Therefore, changes in the parameters ¢s, g, |L| |K| and B are reflected in the
teT ceC
the objectives. For instance, on changing the load carrying capacity of a porter, g5, from 30 Kg

to 20 Kg, the primary objective also reduced from 9000 to 6000. Similar observations can be
made for other parameters.

The primary objective worsened as we reduced the values of the parameters while the
secondary objective improved. However, the secondary objective is less sensitive to change in
parameters than primary objective (magnitude of change is less). A direct implication of these
results is that in a scenario like the Nepal earthquake, parameters like number of porters |K],

number of helicopters |L| and amount of total supply at the depot Y. > B! that can be
teT ceC
controlled should be increased without worrying too much about the cost of transportation.

Not only is the cost a secondary objective but also it is less sensitive to parameter values.

The major observation from the case study are:

e Range of a: Range of alpha for achieving optimal objective in the toy data set is in
a € (0.1,0.5). The value of « is redundant in the decomposition based method as it always
optimizes objective 1 before objective 2.

e Computational Time: There is 10 fold reduction in computational time using CPLEX
to solve the reformulated as compared to the original model (on the toy dataset). There
is a further 100 fold reduction in computational time using the decomposition model.

e Sensitivity Analysis: The secondary objective of cost of transportation is less sensitive
to parameters like number of parameters like number of porters | K|, number of helicopters

|L| and amount of total supply at the depot > > B! than expected. Therefore these
teT ceC
parameters can be increased without worrying about costs.

In conclusion, we observed that the last mile delivery in disaster relief transportation
often happens on almost-tree and utilises split deliveries. Motivated by this, we developed a
two stage multi-period vehicle routing model with split deliveries, in which the network for
last mile deliveries is a tree or an almost-tree. We developed a reformulation of the model
which uses the properties of routing on trees to improve computational efficiency by an
order of magnitude. We also developed a decomposition of the model that further improves
computational performance by another order of magnitude. To solve the routing problem on a
tree network in the decomposed model, we defined the Capacitated Vehicle Routing Problem
on a Tree with Split Deliveries (TCVRP-SD) and developed an exact algorithm for its solution.
We proved certain mathematical properties of the TCVRP-SD and found a closed-form solution
to the optimal objective function value of TCVRP-SD. Our theoretical findings show that using
split delivery in a sparse and almost-tree damaged network is the most cost/resource efficient
strategy as the minimum cost solution also minimises the number of vehicles.

To validate the model and our solution method, we presented a case study using a data
set from relief delivery operations in the 2015 Nepal earthquake. We showed that our method

18



575
576
577
578
579
580

581

582

583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624

625

improved the computational efficiency over tradition methods like CPLEX by 20 folds on small
datasets. CPLEX became intractable beyond 10-12 nodes. On real-sized data of the case study
our method could solve the problem within one hour. Using sensitivity analysis we found that
the secondary objective of minimizing cost was more sensitive to the parameters of number of
secondary vehicles, the number of primary vehicles and the amount supplied than the primary
objective of minimizing unmet demand.
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7. Appendix

7.1. Algorithm 1

We need to define some notation for describing the algorithm. For each period ¢, there is a

maximum delivery P; given by Y. > d!°. In each period ¢, there is an unsatisfied demand at
1€V cel
each demand node (m!® — dl°). Let the mean of this unsatisfied demand for all demand nodes in

each period be denoted by M. Let the upper bound and lower bound on M (ensured by equity
constraints (40) — (41) be U" and L’ respectively. The algorithm returns dt¢, which is input into
the capacitated secondary vehicle routing problem as a parameter.

In step 1, as given in the pseudo code of the algorithm, P, = > > d!¢ is calculated such
1€V ceC
that the bounds on P due to constraints (38) — (41) are satisfied. In steps 1-9, the algorithm

distributes the calculated P into individual d!’s, such that the constraint (40) is satisfied and
constraint (41) is tight. In Steps 11-16, the remaining delivery R is distributed to the nodes

such that the value of N(P(i),i) = {Z dte/ qsl (described in the next section) does not change.
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If remaining delivery R is still positive, in steps 18-20, R is distributed to the nodes in ascending
order of their distance from the depot (ensuring the upper and lower bound on unsatisfied
demand imposed by constraints (40) — (41) at each node). In Step 21, the objective is calculated.

Algorithm 1 Algorithm to solve the delivery model

1: forteT do > for each of the time period
2 Py Min(|Klgs, [Llg, > Y omi, > Y B- 3 ¥ BY)
i€V —{0} ceC Qe{1,2...t} ceC Qe{1,2...t—1} ceC

3 M« (/(N-1D))( > X Ym)-h

i€V —{0} tET c€C

@ U UM

5 L« LoxM

6:  if |P[> L'or[P,] <U then

7 return Model Infeasible

8: else

9: die « mte—|U'[

10: R+ P — > > db*

i€V ceC

11: i=1

122 while R#0and i€V — {0} do
13: if (12 di°+1[)/qs =] > di°[/qs then
14: dic =dic+1

15: R=R-1

16: t=1+1

17: while R # 0 do

18: for i € V, do

19: dic =dic +1
20: R=R-1
21: Objective = Y, > S dic= > P,

teT i€V ceC teT

7.2. Algorithm 2

In Step 1-3 of the algorithm, as given in the pseudo code of the algorithm, for each time period,
the value of N(P(i),%) is calculated using the parameters d!°. In Step 5, the optimal objective
is calculated. Steps 6-31 are the vehicle routing steps. We determine the arcs travelled by the
vehicles within parent children pairs (i, Ch(i)) starting from the leaves of the tree going all
the way upto the depot (root of the tree). For a leaf node within a parent-children pair, Steps
10-20 are used to determine the values of :z:fjk and d°. If the node is not a leaf node Steps 21-31

determine the values of ! m and df°.
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Algorithm 2 Algorithm to solve the Capacitated Secondary Vehicle Routing Problem

1: for each time period t € T' do
2 for each node i € V — {0} do
3 N(P(i), i) =)d(S()) /as] > Using d’s
4: Initialize V; = {0} > Empty set for vehicles at each node j
5 Objective =2 x > N(P(i),i) * Cost(P(i),1)
i€V
6 for each tree T in the secondary network do > vehicle routing steps begin here
7 for each parent-children pair (¢, Ch(i)) do > from leaf nodes going up to the depot
8 for each child j € Ch(i) do > each child in the parent-children pair
9: if j is a leaf node then
10: Append N(P(j),j) vehicles to the set V; from vehicle set K
11: for each vehicle k at the node j do
12: dk = (s
13: for each commodity c required at the node j do
14: d; = d;c
15: dick = min(d5, qx)
16: qx = qr — d;?k
17: d§ = d§ — dl,
18: Append vehicle k to vehicle set Vp(j) of node P(j)
19: mi’(i),j,k =1 > arc traveled once while going down
20: :E; Pk = 1 > arc traveled once while going up
21: else if j is not a leaf node then
2. ka = N(P(j).j) - |Vi|
23: if k5 > 0 then
24: Transfer load of vehicles in set V; to N(P(j), j)
25: Remove extra vehicles from set V; and append to the set K
26: Repeat Steps 10-20
27: else if k; = 0 then
28: Repeat Steps 10-20
29: else if k; < 0 then
30: Remove vehicles from set K and append to the set V
31: Repeat Steps 10-20
32: —Calculate z{5; using the values of djf’s

Theorem 1: Given a TCVRP-SD problem, the optimal objective of minimum cost is
given by 2 > [d(S(i))/qs|Cost(P(i),i) for each node i where d(s(i) is a demand of a sub-tree
1%

rooted at i, gs is the capacity of a vehicle and [d(S(7))/qs| is the minimum number of vehicle
required to deliver in sub-tree S(i).

7.3. Proof of Theorem 1

Proof: Consider a node i in the tree. Let N(P(i),7) be the number of vehicles that will travel
the arc (P(i),7) in a minimum cost solution. Given, the cost of traveling each arc and the
fact that each arc is travelled twice, once while going down from the depot and once while
coming up towards the depot, the minimum cost is equivalent to the solution is given by
2> N(P(i),i) * Cost(P(i),i). Let Ai be the set of nodes in the sub-tree S(). Then the total
eV
amount of delivery made in the sub-tree is given by d(S(i)) = >_,ca, dr. Since split deliveries
are permissible, the minimum number of vehicles that are required to meet the demands of S()
is [d(s(i))/qs] (least integer greater than d(s(2))/qs). Since the costs are to be minimized and
the total costs are given by 2 >~ N(P(i),4) x Cost(P(i),4) , minimum number of vehicles that
%
are required to serve S(i) will travel the arc, (P(4), ). This implies the N (P(i),7) = [d(s(7))/qs]-
For a leaf node 4, d(s(i)) = d;d . Therefore the minimum cost is 2 Y [d(S(7))/qs|Cost(P(3),1).

2%
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This completes the proof.

7.4. Proof of Theorem 2

Theorem 2: In a TCVRP-SD the minimum cost solution also utilizes the minimum number
of vehicles.

Proof: Using Theorem 1, the number of vehicles traveling an arc (P(7),) for a minimum
cost solution of SDVRP is the minimum number of vehicles required to deliver in sub-tree S(7)
and is given by N(P(i),i) = [d(s(i))/gs]. Therefore, the number of vehicles traveling from
the depot to sub-trees rooted at the depot is also the minimum vehicles required to serve the
sub-trees. Hence, the total number vehicles in minimum cost solution is also the minimum
number of vehicles required to do a split delivery.

7.5. Range of values for o for our model :

N N KxH L
: ot : te t t
Given our objective function > > i - > >0 > aajzy, — > > > ahyy, there
iev e =1 =1 k=1,i#j iS5 j8, j#i =1

exists a range of value of parameter o for which the the optimum value of objective is obtained

when our priority objective term Y Y d!¢ reaches its optimum value.
i€V ¢

Proof: The objective function can be written in the formmaz(A — a.B), where:

A=y e

i€V ¢
N N KxH . L .
B=2% 2 > agmy—> Y > hiyy
i=1j=1k=1,i#j i S jS, j#i l=1
a € (—o0,00)
Let Set of all feasible solution be S. Then, Sy S

((A1,Ba4,), (A2, Ba,)....(Amaz, Ba,,,. -, (An, Ba,)) where n is the number of feasible solu-
tions A; is the value of A for the i feasible solution B A, is the set of values of B when A = A;
Apae 1s the max value of A in the feasible solution set By is the set values of B when

A= Az

Let there be a value of «a for which maz(A — a.B) = Apar — amax(Ba,,,, ). For this «,
Amae — amax(Ba,,,,) > Aj — amax(By,) and
Aj —amax(Ba,) > Ai —a(Ba,) i€ (1,2,..n) - j,max

max

Thus we have:

Amaz—A;
maw(Ba,,.)—maz(Ba,)

a <
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